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Abstract

Tabular formatting determines the physical dimensions of tables according to size con-
straints. Many factors contribute to the complexity of the formatting process so we analyze
the computational complexity of tabular formatting with respect to different restrictions. We
also present an algorithm for tabular formatting that we have implemented in a prototype
system. It supports automatic line breaking and size constraints expressed as linear equal-
ities or inequalities. This algorithm determines in polynomial time the physical dimensions
for many tables although it takes exponential-time in the worst case. Indeed, we have shown
elsewhere that the formatting problem it solves is NP-complete.
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Abstract

Tabular formatting determines the physical dimensions of tables according to size
constraints. Many factors contribute to the complexity of the formatting process so we
analyze the computational complexity of tabular formatting with respect to different
restrictions. We also present an algorithm for tabular formatting that we have imple-
mented in a prototype system. It supports automatic line breaking and size constraints
expressed as linear equalities or inequalities. This algorithm determines in polynomial
time the physical dimensions for many tables although it takes exponential-time in the
worst case. Indeed, we have shown elsewhere that the formatting problem it solves is
NP-complete.

1 Introduction

When we design a table, we first decide on the logical structure by taking into account the
readers’ requirements and convenience. Then, we specify the topology to arrange the items
in two dimensions and select a presentational style so that the logical structure of the table
is clearly seen. Given the logical structure of a table, a topological specification, and a style
specification, we can generate a concrete table in two phases. First, in the arrangement
phase, we generate a grid structure and a set of size constraints for the columns and rows in
the grid structure. Then, in the formatting phase, we determine the physical dimensions of
the columns and rows according to the size constraints.

Since a table contains different kinds of items, including text, graphics, images, mathe-
matical equations, and even subtables, tabular formatting is inherently more complex than
the formatting of text. There are three main factors that contribute to the complexity of
tabular formatting:

1. The method of handling the line breaking of text within a tabular cell.

Current tabular composition systems adopt two approaches to handle line breaking:
fixed and automatic. Fived line breaking, adopted by many systems, requires users
to indicate the line breaks in the table items. Automatic line breaking, adopted by
TAFEL MUSIK [SKS94], requires the system to determine the line-break points based

on the current dimensions of the columns.

2. The kinds of size constraints for columns and rows.
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Most tabular composition systems can specify only simple size constraints for tables,
for example, the constraints that restrict row heights, column widths, and table width
and height. Beach’s system [Bea85] allows users to specify size constraints expressed
as linear equalities or inequalities for rows and columns. For example, the sum of the
widths of the first and second columns should equal the width of the third column.
Since size constraints with nonlinear expressions are not often used and require a time-
consuming constraint solver, no current system handles such kinds of size constraints.

3. The objective function that evaluates the quality of a tabular layout.

Most systems do not offer any ability to help users to format tables with optimal con-
straints, namely objective functions. For example, the diameter of a table should be
minimum. Beach’s system [Bea85] offers only minimal diameter. TAFEL MUSIK [SKS94]
offers three different objective functions: minimal diameter, minimal area, and minimal
white space.

As far as we know, Beach is the only person who has discussed the computational com-
plexity of tabular formatting although Vanoirbeek [Van92] has investigated tabular compo-
sition within the framework of the Grif system. In his PhD thesis [Bea85], Beach identified
a tabular formatting problem, RANDOM PACK that arranges a set of unordered table en-
tries into minimum area, and proved that RANDOM PACK is NP-complete. Because of
the random positioning of the table entries;, RANDOM PACK does not produce pleasing
and readable tables that clearly convey their logical structure. Beach also identified another
problem, GRID PACK that formats a set of table entries assigned to lie between partic-
ular row and column grid coordinates within the table, and proved that GRID PACK is
polynomial-time solvable. GRID PACK, however, assumes that the width and the height
of the table entries are fixed; thus only fixed line breaks are allowed. Although Beach also
allowed size constraints expressed as linear equalities or inequalities in his tabular model,
he did not include size constraints in RANDOM PACK and GRID PACK. The designers of
TAFEL MUSIK [SKS94] have designed an exponential-time algorithm for tabular formatting
that provides automatic line breaking, allows size constraints expressed as linear equalities
and inequalities, and considers objective functions.

XTABLE [Wan96, WW96] is an interactive tabular composition system that runs in a
UNIX and X Windows environment. It is not only a tool for the design of high-quality
presentations of tables, but also it is a tool for the exploration of tabular data from differ-
ent viewpoints. XTABLE abstracts a table’s multidimensional logical structure in a similar,
yet different way, to the abstraction suggested by Vanoirbeek [Van92]. Abstract tables are
mapped to different presentations according to user-defined topological and style specifica-
tions. The formatting process of XTABLE supports both fixed and automatic line-breaking
methods and automatically determines the physical dimensions of a final layout according
to user-defined size constraints expressed as linear equalities or inequalities.

In this paper, we analyze the computational complexity of tabular formatting with respect
to different restrictions. Tabular formatting can be polynomial-time solvable or NP-complete,
depending on the functionality it supports. We also present an algorithm, which is used by
XTABLE, for an NP-complete formatting problem that supports automatic line-breaking
and size constraints expressed as linear inequalities. This algorithm determines the physical
dimensions for many tables in polynomial time.



Table 1: The complexity of tabular formatting.

Line Size Objective functions
breaks constraints None |Diameter| Area |White space
None p! p3 p3 P3
. Linear equality 3 1 3 3
Fixed or inequality P P P P
Nonhne.ar 5 0 ” 9
expression
None p? ? ? ?
| Linear equality NPC? NPC? NP3 NPC3
Automatic | inequality
Nonhne.ar 5 0 ” 9
expression

! Proved by Richard Beach [Bea85].
2 See Theorem 5.1 [Wan96].
3 See the discussion in Chapter 7 of Wang’s thesis [Wan96].

2 Complexity analysis

Based on previous research and our work, we summarize the complexity of tabular formatting
for different combinations of the restrictions in Table 1, where P denotes polynomial-time
solvable and NPC denotes NP-complete.

Beach proved two of the complexity results [Bea85]. Based on his results, we obtain
the complexity results for the remaining polynomial-time solvable problems. We [Wan96]
have established NP-completeness when the formatting problem includes automatic line
breaking and size constraints, but disregards objective functions. We use the abbreviation
TFALN for this problem. Based on the complexity result for TFALN, we can also obtain
NP-completeness results for the three problems that also include an objective function. We
have not classified the complexities of the problems that include an objective function but
do not handle any size constraints. The complexity results for all problems that handle size
constraints with nonlinear expressions are also unknown.

Automatic line breaking is important and useful for tabular formatting. It is also im-
portant to allow users to control the selection of the dimensions of columns and rows for a
table. In this paper, we focus on TFALN, the tabular formatting problem that supports only
automatic line breaking and size constraints. We disregard objective functions to simplify
tabular formatting for two reasons. First, a layout that is optimal with respect to an objec-
tive function does not always provide the most appropriate layout. An optimal solution may
make one column too narrow and another too wide, or generate a table with an unacceptable
aspect ratio. Second, users tend to care more about the sizes of tabular components, such
as whether a table can be placed inside a region of a given width and height, whether the
relative sizes of the components in a table are appropriate, and whether the relative sizes of



1 1 1 1 w
by by bs by

Figure 1: The characteristics of a size function.

a table and its surrounding objects are appropriate. Such requirements are specified by size
constraints, rather than by objective functions.

3 Definition of TFALN

Before we formally define TFALN, we first define a grid structure that we use to model the
topological arrangement of table items in two dimensions.

We inherited this concept from Beach’s system [Bea85] but make some changes to it. A
grid structure consists of two components: a grid and a set of non-overlapping items that
are placed on the grid.

An m x n gridis a planar integer lattice with m rows and n columns. The intersection of
a row and a column is called a cell and the cell that is the intersection of the :th row and the
Jth column is identified by (z,7). A block is a rectangular region that completely surrounds
a set of cells, and it is identified by (¢,1,b,r), where (t,1) is its upper left cell and (b,r) is its
lower right cell.

An item is an object that is placed in a block of a grid. The content of an item can be a
string, a number, a textual object, a fixed-sized picture or image, or a table. (In the current
formulation we do not allow uniform magnification of images.) The size function of an item
is a decreasing step function that describes the line-breaking characteristics of the item for
a particular output device. It takes a width as its argument and returns the height of the
item when the item is typeset within the given width. We can assume that both the width
and the height are integers. The characteristics of a size function for an item are shown in
Fig. 1. We use a step to denote the range of widths in [by, by41), where by and b4y are two
adjacent break points or by is the maximal break point and byy1 is +00. The lower bound
of a step is called a step head and the upper bound of a step, which is bgy; — 1 if the step
is [bg, bpy1) or 400 if the step is [bg, +00), is called a step tail. A size function returns the
same height for all the widths in a step. In Fig. 1, the size function consists of four steps
[b1,b2), [b2, b3), [b3, ba), and [bs, +00).

We can specify an item by a six-element tuple (¢,1,b,7, £, 1), where (¢,1,b,r) is the block
in which the item is placed in the grid, ¢ is its size function, and 1 is the set of step heads
for £. If s is a step, we use s.head to denote its head and s.ta:l to denote its tail. If ¢ is
a set of step heads for a size function, we use ¥)[min| to denote the minimal step head and
t[maz] to denote the maximal step head.



Table 2: The tournament schedule.

Activity Final Entry | Starting Date, Location, Times

Date
Men’s & Prelim. Sat. Jan. 28, Finals Sun. Jan. 29,
Women’s | Monday, 11:00am-6:00pm, Court 1068-1073, PAC
squash Jan. 23,
Singles 1:00pm, Prelim. Sun. Feb. 5, 10:00am-6:00pm,
Tennis PAC 2039 | Finals Sun. Feb. 12, 10:00am-6:00pm,

Waterloo Tennis Club

Mixed Prelim. Wed. Mar. 8, 8:00pm-11:30pm,
Volleyball | Friday, Finals Mon. Mar. 13, 8:00pm-11:30pm,

Mar. 3, Main Gym, PAC
Men’s & | 1:00pm, Prelim. Fri. Mar. 17, 12:00pm-5:00pm,
Co-Rec PAC 2039 | Finals Sat. Mar. 18, 3:00pm-1:00am,
Broomball Columbia Icefield

Now we can formally define TFALN as follows:

INSTANCE:  An m x n grid, r non-overlapping items: or = (tg, lg, bg, 7k, &k, Vk)
(1 <k <r),and s size constraints: ey, eg,...,e€s.
QUESTION: Are there n + m integers wy, wy,...,w, and hq, hy,..., h, such that
1. W =wy,ws,...,w, satisfy all width constraints among ey, es, . ..
2. H = hy, hy, ..., h, satisfy all height constraints among ey, e,, ..., €g;
3. Vor(1 <k <), 08, w, > tg[min] and & (30, w,) < ng:tk hy.
The w;(1 < j < n) are the column widths and the h;(1 < ¢ < m) are the row heights of
the grid. The first two conditions ensure that w;(1 < j < n) and h;(1 < ¢ < m) satisfy all
the size constraints. The third condition ensures that the width of the block for each item
is at least the minimal width of the item and the height of the block should be sufficient
to hold the item when it is typeset within the width of the block. If w;(1 < j < n) and
hi(1 < ¢ < m) satisfy all three conditions for an instance, we say that the instance has
solution (W, H). If they satisfy only the third condition for an instance, we say the instance
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has layout (W, H). Suppose we have an instance that consists of a 5 x 3 grid and the 13
items shown in Table 2. The size constraints for this instance are:

290pt < wy 4 wy + w3 < 380pt
h1—|—h2—|—h3—|—h4—|—h5 5350pt
wz > 120pt.

One of the solutions for this instance is:

ws = 230pt,
h3 = 45pt,

Wy = 68pt,
hg = 47pt,

w1 = 65pt,

hl = glpt, h4 = 47pt, h5 = 45pt,

which are the physical dimensions of Table 2.



4 A formatting algorithm

An NP-complete problem does not have polynomial-time algorithms unless P = N P, which
is considered unlikely. With this assumption, we can provide only an exponential-time
algorithm for TFALN that solves every instance. We first describe an exponential-time
algorithm and then we describe a polynomial-time greedy algorithm that partially solves
TFALN for many common instances. Finally, we combine these two algorithms to obtain
an algorithm that is guaranteed to solve TFALN completely and correctly and takes only
polynomial time for many instances.

4.1 An exponential-time algorithm

The simplest way to solve TFALN is to check all the possible combinations of row heights
and column widths. The first combination that satisfies all three conditions of TFALN
is selected as a solution. We can improve this method by solving the size constraints to
obtain row heights for given column widths. Once the column widths are fixed, the heights
and widths of the items are also fixed; thus, we can use Beach’s approach to find the row
heights in polynomial time. We can further improve the algorithm by taking advantage of
the characteristics of size functions. Since the height of an item will be the same when it
is typeset within the widths of a step, we need to test only one of the widths in a step.
For each combination of steps, we can find the column widths and row heights by solving
inequalities. Suppose that item o; has K; steps; then, the number of checked combinations
can be reduced to N = [[’_; K;. N still increases at an exponential rate when most of the
items have more than one step. In many tables, however, most of the items contain only
one step. N is not too large for these cases. Based on this approach, we have designed an
exponential-time algorithm that completely solves TFALN [Wan96, WW96].

Based on a given step combination C' = {s1,$2,...,s,} of all the items, where s; is a
step of item o, we attempt to find column widths w;(1 < 7 < n) such that:

1. w;(1 <7 < n) satisfies all the width constraints.

2. For each item op = (tx, Iy, b, 7k, §k, 1), sp-head < 3208, w, < sp.tail.

=l
Similarly, we attempt to find row heights k;(1 < ¢ < m) such that:

1. hi(1 <4 < n) satisfies all the height constraints.

2. For each item o = (tg, lg, bi, 7, ks V1), Ex(Sk.head) < S0k hy.

g=tk

We find the solutions by solving a set of linear equalities and inequalities. There is an
algorithm for this problem based on the simplex method [Dan63] that runs in O(¢%) time,
where t is the number of equalities and inequalities. Moreover, the algorithm guarantees
that the sum of the values of the variables in the equalities and inequalities is minimum.
Therefore, we can find column widths and row heights in O((r + s)?) time, where r is the
number of items and s is the number of size constraints. The total running time is then

OUTL K:)  (r + ),

where K is the number of steps for item o;.
We need to introduce some notation before we present the greedy algorithm for TFALN.
Suppose C' is a step combination for an instance of TFALN. We use WIE(C') to denote the



set of equalities and inequalities generated when we find the column widths for €' and we
use HIE(C) to denote the set of equalities and inequalities generated when we find the row
heights for C. If w;(1 < j < n) satisfy only the inequalities for item sizes (Condition 2) in
WIE(C), then w;(1 < j < n) is called a layout of WIE(C) and if 2;(1 < ¢ < m) satisfy only
the inequalities for item sizes (Condition 2) in HIE(C'), then A;(1 < ¢ < m) is called a «
layout of HIE(C).

4.2 A polynomial-time greedy algorithm

The first algorithm takes exponential time, in most cases, to find a solution for TFALN.
Most tables, however, usually have few size constraints. For many such cases, we are
able to find a solution in polynomial time by taking advantage of the monotonicity prop-
erty of size functions. Given an instance [ of TFALN, the monotonicity property of size
functions enables us to generate a list Ly = Cy,Cy,...,C, of step combinations, where
Cu = {s},85,...,stH1 <wu < z), that satisfies the following properties:

= r

Property 1 For the first step combination Cy, WIE(C}) must have at least one solution.

Property 2 For each item o, = ({1, l, by, 7%, &y 001), siT' is either the same as s¥ or the
successor of s¥; thus, & (st . head) < & (s¥.head).

Property 3 There is at least one item such that its step in 4 is larger than its step in
Clu.

Property 4 In the last step combination C,, for each k, 1 < k <r, s} is the largest step of
item og.

Property 5 For each step combination C',(1 < u < z), there is a layout w¥(1 < j < n) for
WIE(C,) and a layout h}(1 <: < m) for HIE(C,).

Given an instance [ of TFALN, we try to generate a list L; of step combinations that
satisfies Properties 1-5. While we are checking the step combinations in Lj, we have three
possible results: yes, no, and uncertain. Based on this approach, we obtain a polynomial-
time algorithm that partially solves TFALN. In this algorithm, we generates the first step
combination 'y that satisfies Property 1 and a layout (W?, H'), where W' = w;{,... w! and
H' = hi,...,hl | in which all items are typeset within the corresponding steps in ;. To
obtain the first step combination, we attempts to find the column widths w}(l <j<n)
such that

L. wi(1 < j < n) satisfy the width constraints.

2. For each item op = (tg, l, bx, 7, Eky tor), 3205, wh > hg[min].

Given a step combination €, and its layout (W*, H*), where W* = w{, ..., w} and H" =
hy, ..., k%, The polynomial-time algorithm finds a new step combination (11, generates a
new layout (W' H**1) where Wt = wi*! . w* and H*F' = R{H .. R%H in
which all items are typeset within the corresponding steps in (11, and ensures that L;
satisfies Properties 2-5. To reduce the number of uncertain responses, we try to find a step
combination that can generate a solution or lead us to a solution rapidly by selecting as few
items as possible whose steps we increase, to avoid reaching the largest steps of the items as
long as possible. Based on these ideas, we use the following heuristics to obtain Cy41:



1. For each column 1 < k < n, we increase its width w} to a new width w} such that wj
is the minimal width to cause at least one item to fall into the next step. Based on
WY, WE_y, Wi, Wiy, .., Wy, We generate a new step combination () and a layout
(W[, H}), where W} = w},,...,w, and H; = hj,,...,h}, . The n step combinations
C1,Ch, ..., C! are possible candidates for Cy4q.

2. During Step 1, if we find that all items have reached their largest steps, we return End.

3. If there is a C} such that both WIE(C}) and HIE(C}) have solutions, then C\4; is
chosen as this C} and (W*t' H**) as (W], H}).

4. If we do not find a Cyyy in Step 3, we let Cyqq be a Cf such that 37, wj . + 37, hy,
is a minimum. In this case, (W**!' H**1) is chosen as (W], H}).

Step 1 guarantees that each C} satisfies Properties 2 and 3. It also guarantees that each C,
satisfies Property 5 because wY,..., wi_, wf,wy ,...,wy must be a layout for WIE(C})
and h¥(1 <7 < m) must be a layout for HIE(C}). Step 2 ensures that L; satisfies Prop-
erty 4. Steps 3 and 4 increase the likelihood that we find a solution. Step 4 is based on the
observation that we usually specify size constraints for table width and height. If we make
the table width and height as small as possible, we are more likely to find a solution in the
succeeding search.

The running time for finding the first step combination is O((r + s)*) and the running
time for finding the next step combination is O(n(n + m + (r + s)*)). The number of the
step combinations in the list is at most 37%_, K;. Therefore, the total running time for the
greedy algorithm is

O(E Kin(n+m+ (r+ 5)3)).
j=1

The running time increases at a polynomial rate as n, m, r, and s increase.

4.3 An efficient algorithm

By combining the two algorithms, we obtain a more efficient algorithm that can completely
and correctly solve TFALN. For each instance of TFALN, we first use the greedy algorithm
to check a list of step combinations (1, (s, ..., C, that satisfy Properties 1-5. If it does not
find a solution for the instance, then we use the first algorithm.We have established elsewhere
the correctness of this combined algorithm [Wan96] Although it is still an exponential-time
algorithm in the worst case, it is more efficient than the first algorithm for many instances.
We can divide the instances of TFALN into two groups, G. and G,. G. includes the
instances for which greedy algorithm returns Uncertain and G, includes the instances for
which the first algorithm returns either Yes or No. Thus, the new algorithm takes polynomial
time to solve the instances in (G, and takes exponential time to solve the instances in G..
Given a rectangular region, text is usually typeset to fill a region that is as wide as possible.
If the region is not wide enough, then the text is broken into lines to vertically fill the region.
Thus, we usually specify only width constraints to control the layout of a table. In these
cases, HIE(C) must have solutions and we can decide whether there are solutions to the
instances using the greedy algorithm. The height constraints may be necessary when a table
is too tall to fit into a region and it is possible to shorten it by widening the table. Therefore,
we believe that (¢, contains many more common instances than (.. For languages in which
people are used to reading text from top to bottom (such as Chinese and Japanese), a similar
observation holds when we interchange the roles of widths and heights in the algorithm.



5 Conclusions

We have proved that the tabular formatting problem is NP-complete with respect to two
useful features: automatic line breaking and size constraints expressed as linear inequalities.
This complexity result guided us in the design of a new formatting algorithm that allows
automatic line-breaking and size constraints since they are important features that can help
users to deal with table sizes and shapes. We can extend the combined algorithm to generate
locally optimal solutions for an objective function among a set of layouts. In polynomial
time, we can check all the step combinations and select an optimal solution from all the
layouts we found, rather than terminating when we have found a layout that satisfies the
size constraints. Whether we can design an algorithm to solve the tabular formatting problem
when we include objective functions is a challenging issue that we leave as an interesting,
future investigation.

XTABLE [Wan96] adopts the main ideas of the combined algorithm to determine the phys-
ical dimensions of a table. Although the combined algorithm supports any size constraints
expressed as linear equalities or inequalities, we restrict the size constraints in XTABLE to sim-
plify the user interface and decrease the execution time of the tabular formatting algorithm.
XTABLE allows only two kinds of linear inequalities for the size constraints: [ <371 w; < wu
and [ < Z;J:p h; < u. We believe that these two kinds of size constraints are sufficient to
specify most size requirements for tables.

Since the allowable size constraints in XTABLE are simpler, we are able to reduce the
running time of the algorithm by making two changes. First, we do not use the simplex
method to solve the linear equalities and inequalities. We use a more efficient inequality
solver. Second, we use a branch-and-bound strategy to generate only those step combinations
that guarantee to give a layout for a table. Any step combination which will not give a layout
is not considered. For example, suppose two items o; and o, are placed in the same column
and o; has a step [20, 30) and oy has a step [50, 60); then there is no layout for a step
combination that contains these two steps because they do not overlap. By omitting such
step combinations, the number of step combinations that are checked is greatly reduced.
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