High Quality Rendering of Two-DimensionalContinuous Curves
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Abstract. Thispaperpresentanew pre- Itering techniqudor antialiasingwo-dimensionatontinuous
curveswhichenableshecorrecthandlingof thegeometry(selfintersectionssmallloops,cuspscurveswith
high andsmallradiusof curvature,etc.) usinga genericclassof Iters. Moreover, the techniqueallow for
renderingcurvesof arbitrarythicknessandcanbe optimally tunedto the bits usedfor imagequantisation.

1 Intr oduction

Aliasing artifactsare a consequencef the errorsintro-
ducedby attemptingto represent continuousmodelon
adiscretedevice. For instancea scenecontainingsharp
changesin colour intensity can exhibit seriousdefects
when representedy discretesamplessuchas dots on
the screen.The errorof this samplingprocessvasorigi-
nally calledaliasingin SignalProcessin@ heoryandthis
terminology hasbeenadoptedin the eld of Computer
Graphics. Since Crow [8] identi ed the aliasing prob-
lem in ComputerGraphics,therehave beena consider
ablenumberof publishedpaperson the subject.Most of
themincludeantialiasingaspartof thegeneraprocesof
renderingusinganantialiasingechniquedevelopedelse-
where. A smallnumberarededicatedo speci cally de-
velopinganantialiasingechnique Amongthem,we dis-
tinguishtwo main approache$o the aliasingproblemin
ComputeiGraphics;pre-andpost- ltering methodg10].
In post- Itering theidealimageis pointsamplechta
higherratethancanbe displayed with multiple samples
perpixel, andthesamplesrethennumerically Itered by
a discretedigital Iter. The advantagesof post- Itering
lie largelyin the simplicity of theprocessin someappli-
cations,suchasray tracing,supersamplingfollowed by
post- Itering is the only reasonablesolutionto aliasing.
Thedisadwantagesrethegreatlyincreaseaostsof com-
putationandthefailureto eliminatealiasingcompletely
If a precisegeometricdescriptionof the ideal im-
ageis available, say analytic or piecavise analytic de-
scriptions, then it is theoreticallypossibleto Iter the
ideal imageanalytically to remove high frequeng spa-
tial componentdbeforesamplingandthento samplethe
bandwidthlimited idealimageto producealias-freeim-
ages.For example for simplegeometriesuchasstraight
lines, we can pre- lter the geometryby a box Iter by

deriving expressiondor pixel areacoverage:samplingis
thenreducedto substitutionof pixel coordinatesn the
expressionsTheadwantage®f pre- Itering arethatonce
theidealimagehasbeenanalyticallypre- Itered, asingle
sampleper pixel sufces. The expectationis thatif we
canproperlypre- Iter theidealimage,thenwe will gen-
eratehigh quality displayedmages.The maindisadwan-
tagesheretoforehave beentherestrictedangeof geome-
tries that can be pre- Itered and the restrictedrangeof
Iters which could be employed. Pre- Itering will how-
ever remaina techniquemore appropriateto high qual-
ity two-dimensionaimagescontaininglines, regionsand
text ratherthanimagesof three-dimensionacene$12).

2 PreviousPre-Filtering Techniques

GuptaandSproull[17] developedanantialiasedrersion
of theBresenhantine algorithmin which, atleastnotion-
ally, theidealline is corvolvedwith a circularly symmet-
ric Iter. In theirimplementatiora lookup tableis con-
structedwhich containghefractionsof thevolumeof the
conical Ilter interceptedy theidealline, indexedby the
perpendiculadistanceof the pixel centerfrom thecentre
of theline. This table canbe generatedrom a simply
derived analytic expression. The circular symmetryen-
ablesa single one-dimensionalableto coverlines at all

possibleangles Analytic expressiongor line ends how-

ever, are dif cult to derive and Gupta-Sproullresortto

lessprecisewo-dimensionatables.Whilst circularsym-
metry leadsto a fastincrementalalgorithm, the conical
Iter doesnot giveriseto a at constantsignalfor con-
stantsamplevalues,thus exhibiting what Mitchell and
Netravali call sample-frequencripple. Forrestgivesex-

amplesof thisfor various Iter radiiin [15]. Pittewayand
Watkinson[25] describethe incorporationof areasam-
pling in the Bresenhantine algorithm,but do not handle



line endsproperly

Feibush, Levoy and Cook [13] describeantialias-
ing of polygonsin which polygonsare split into trian-
gles and the volume of the Iter, conical for example,
intersectedoy eachtriangleis usedasa weight. In ef-
fectthis amountgo a discreteapproximatiorto the con-
volution integral appliedto polygonfragments. A two-
dimensionallookup table is usedto storetriangle-cone
intersectiondor ef ciency reasonslf thechosenlter is
notcircularly symmetric thenthelookuptableis consid-
erably more comple, beingfour-dimensional. Abram,
Westorer and Whitted [1] develop a more complex ap-
proachin which polygon- Iter corvolution is classi ed
into severaldifferentcaseseachof which employs adis-
creteapproximatiorto the corvolutionintegral.

No algorithmsappeartto guaranteehat the numeri-
cal approximationgxpresse@salookuptablesaregood
enougho avoid unwantedaliasingartifacts.For instance,
smallobjectsof ascenevhosedatafall betweerthequan-
tization stepsof the look up tableswill disappeacom-
pletely In this sensetablelook up methodsehare sim-
ilarly to the post- Itering methods. Accordingto Duff
[9], exploring this fact, it is possibleto make imagesfor
which methodausinglook up tablesfail miserably Duffs
polygonscancorversionby exactconvolution[9] numer
ically integratesthe corvolution integral to antialiassim-
ple polygons Filtersaremoregenerathanin othermeth-
odsbut arelimited to bivariatepolynomialswhich canbe
usedto approximatesincandother lters.

McCool [22] describes methodwherebyanimage
consistingof Gourad-shadettianglescanberepresented
by simplex splines;thesecanthen be corvolved with a
box spline Iter to form a setof prismsplinesrepresent-
ing the ltered image. This permitsanalytic Itering by

Iters which can be constructedfrom box spline basis
functions,a specialcasebeingtensorproductB-splines.
Any further ltering for reconstructioris performedby
digital post-processing.

Aliasedscancorversionof curvesis still atopicfor
further research:whilst there exist ef cient algorithms
for circlesand ellipses(althoughlong thin ellipsesstill
needspecialcare), more generalparametric,explicit or
implicit curvesgenerallyrequirecarefulattentionto both
geometricand numericaldetail in orderto provide ro-
bustandef cient algorithms.In mary casesheapproach
takenis to reducehecurveto a piecaviselinearapproxi-
mationwhich canthenbeantialiasedavoidingary visual
evidenceof polygonisatiorrequirescare.

Lien, ShantzandPratt[21] developanadaptie for-
ward differencemethodfor renderingcurvesandbrie y
mentiona simpleadaptatiorto their algorithmwhich en-
ablesan admittedly rough approximationto areasam-
pling to be made.In effectthe curve is approximatedy
shortstraightline segments Klassen20] remarksonthe

geometricproblemsfound in renderingcurves, particu-
larly loops,cuspsandcrossingsandgoeson to develop
a morerobustapproachthan[21]. A curve is split into
monotonicsectiongwith respecto the x or y axes)then
adaptve forward differencingis usedto divide the curve
into shortstraightline sggmentswhich may thenbe an-
tialiasedby the GuptaSproull algorithm[17] or by ary
other Iter which can be accessedrom a lookup table
in a similar manner Thetransitionsfrom x majorto y-
major line sggments(andvice versa)needspecialatten-
tion to avoid nicksin the output. Klassenpayspatrticular
attentionto numericaldetail.

Field [14] describesa fastincrementaimethodfor
antialiasingeirclesandellipsesbasedn a predictor cor
rector methodto compute lter values. The Iter em-
ployed is an approximationto areasampling. Pittevay
andBanissi[26] describeanintegeralgorithmfor render
ing antialiasecellipseswhich employs anapproximation
to areasamplingsufcient for a two bit per pixel sys-
tem, this giving a marked improvementin the rendering
of fontscomposef conicsggments.

Prior methodsare seento be restrictedin termsof

Iters, emplgying eitherbox or conical Iters which are
knownto bepoor. Curves,apartfrom circlesandellipses,
areapproximatedby line sgmentsandgeometricspecial
casesieedcarefultreatment.

3 DiscreteCurves

This sectionpresentsa simple mathematicaframewnork
whichenablesprecisede nition for the colourintensity
function of the discreteimageof a continuouscurve to

bemade.This de nition - presentedn the next section-

playacrucialrolein thecharacterisatioof our antialias-
ing techniquea discretepre- ltering technique.

Figurel: (a) A 4- and(b) an8-connectedliscretecurve.

Discretecurveswill becharacteriseth termsof se-
quenceof pointsin . Controlpointsof bothcontinuous
anddiscreteBéziercurvesarealsogivenin [6, 7, 10, 12]
assequencesf pointsin

Let beary integervalueddistanceon LA
discretecurveis a nite sequencef pointsin  whose



distancebetweerary two consecutie pointsis atmost .
This de nition is comparabldo thatgivenby Rosenfeld
in [26]. Thiswork in the eld of ImageProcessingises
the notionof neighbous of a pointto de ne -pathsand

-paths In this paper the de nition is givenin termsof
an arbitrary distanceon . Note that a discrete
curve is allowedto crossitself. Moreover, therearedif-
ferenttypesof discretecurves accordingto the chosen
distance. Figure 1 givesan exampleof discretecurves,
with thedistances and de nedrespectiely by

and

In the next section,discretecurveswill sene asthe
counterpartsf thecontinuousurvesin . With thedis-
tance , thediscretecurweis called4-connected With

, it is called8-connected.

4 Antialiasing of Continuous Curves

Thissectionpresentanew techniqudor antialiasingwo-
dimensionakontinuouscurves. Basically the technique
point-samples pre- Itered colourintensityfunctionof a
continuouscurve with anarbitrarywidth. Pre- ltering is
carriedoutby usingagenericclassof Iters andthesam-
pling processs basednthepointcontainmentetection.
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Figure2: Strokingwith acircularbrush.

Firstwe de ne thecolourintensityfunctionof acon-
tinuouscurvein . Linesandcurvesmaybegenerated
by continuoussweepof a brushalongthe mathematical
centerof the line or curve (seeFigure2). Guibaset al.
[16] refersto this processascorvolving the curve with a
brush,but in this paperwe shallusethe termdilation to
denotethe effect of brushingin orderto avoid confusion
with corvolving a geometricobjectwith a Iter. Theno-
tion of dilation is usedin the PostScriptimaging model

which is basedon the notion of paintingwith a opaque
painton a plane[2]. In PostScriptthe paintis applied
by a penor brushof userspeci ed width. Dilation will
alsobeusedaterin this sectionto de ne thediscretem-
ageof acurwein . Forthisreasorwe will consideran

arbitrarymoduleover aring or . Let
and besub-set®f amodule overaring . Foreach
e
Figure3: Discretecurve dilatedby a disk
, the translationoperator is de ned
by . Thedilation of by isde ned by

the Minkowsky addition

Let be a given continuouscurve. For
each , , denote

where isthediskin  with centreattheorigin
andradius . The colour intensityfunctionof the -

pixelwidecurve is de nedby

if
if
As we have remarled earlier the corventionalap-
proachto renderingwould be to scancorvert the con-
volved version of the curve but this is known to lead
to numericaland geometricproblems[12]. Insteadwe
choseto usethe point containmentlgorithm developed
by Corthoutetal. toimplementapre- Itering antialiasing
algorithm.In [4], CorthoutandJonlersdescribeanalgo-
rithm for determiningthe containmenbf a point within
aregion boundedby discreteBéziercurves. This is ex-
tendedn [5] to encompasdiscreterationalBéziercurves
andin [6, 7] to supportdilation and erosionof discrete
Bézier curves and regions boundedby discreteBézier
curvesby brusheshich mayberegionsboundedy dis-
creteBézier curves. Corthoutand Pol's thesis[7] con-
tainsfull detailsof the mathematicatheory of discrete



Béziercurves,a versionof the Jordancurve theoremfor
regions boundedby discretecurves, a formal develop-
mentof the point containmentlgorithmanda descrip-
tion of itsimplementationn dedicatedilicon,thePharos
chip fabricatedoy Philips. A discretecurve canbe com-
putedby subdvision of aninteger grid of speci ed res-
olution. Figure 3 shaws a typical 8-connectedliscrete
curve of width 1.25 pixels computedon a grid with 4
timespixel resolution.We show acircularbrushcentered
on eachpoint of the discretecurve. Pixelswhosecenter
lie within thedilatedcurve arerendered Theaccurag of
thediscreteintersectiortestis a functionof the sub-pixel
resolutionchoserfor thediscretecurve.

Figure4: Stackof nestedbrushes.

To give adescriptionof thepre- Itering processwe
rst de ne our lter space.Any practical Iter in Com-
puterGraphicss anevenfunctionhaving a nite support
andunit integratedintensity[19]. Moreover, a lter re-
strictedto its supportis continuous.Thena lter f is a

function f satisfyingthe conditions
® fllca.qg C aa supporf aa
o f f v
o [2 ]
Let bethecorvolutionproductbetweera lter f

andthe -boxfunctionde ned by

T
b it >
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Thecorvolution  betweerthecrosssectionof theideal
curve (the -boxfunction)anda lter f isthenapproxi-
matedin a piecavisemannetto createa stackof brushes,
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Figure5: Nestedregionsalongadiscretecurve.

asshavn in Figure 4 for the box Iter corvolved with
the -boxfunction. Let v be a connectediscretecurve
obtainedfrom by somerasterizatiorscheme.lLet <
rm<--<r <r <a (r; ) beanuniform
partition of theinterval « andlet N; bethe
~-neighbourhoodbtainedby strokingy with the brush
of radiusr;. ThesequenceN N ---N ,, is anested
sequencef y-neighbourhood$10, 11]. Note that, al-
thoughr; arerealnumberstheregions N; arecontained
in thediscreteplane

Thetechniguepresentedh this paperdetectsvhether
apixel coordinate ; ; is insideor outsideoneof the
disjointregions
N N N N N Ns N N
Let beamappingfrom to .Thefamiliartruncation
androundingfunctionsareexamplesof sucha mapping.
Let 8 bethe availablenumberof grey levels. The colour
intensityfunctionof the -pixelwidediscreteimage of

is thefunction de ned by
o If ,; , isoutsideN ,
e Fork --m Jf isinsideﬁk,
~ 8 Te+ Tk
o If ; , isinsideN,,,

This de nition characterisesur antialiasingtechnique
for two-dimensionatontinuouscurves.Figure5 shavs a
discretecurve generateat 2 timesdevice resolutionwith
the convolved brushcentredat the pointsof the discrete



curvegiving adiscreteantialiaseadturvewhichis sampled
atthepixel centrego give the pixel values.

Details of the methodemployed for generationof
the brush stackby optimal discretepiecavise approxi-
mation of the intensity pro le of the ltered brushare
givenin [10, 11]. On-demandyeneratiorof sectionsof
thebrushpro le ratherthana pre-computedetof brush
sliceswouldenablearoot nding procedurdo determine
thefractionto arbitraryprecisionby interval halving.

5 Results

Greyscaleillustrationswerecomputedat6 6 sub-piel
resolutionandviewedonanApple Macintoshwith acolour
monitor using the “specialgamma”setting. For repro-
duction, the imageswere sared as PostScriptles and
printed on a Hewlett-PackardLaserJet Plus printer at
600dpi usingthe “calibratedcolourgreyscale”optionin
thestandardrint dialogue.Imagesviewedon thescreen
arerathersmootherasa consequencef the blurring ef-
fect of the gaussian-typeeconstructiorof the CRT. Dif-
ferencesbetween lters are lessnoticeablethanin the
printed versions. Laser printing allowed us more con-
trol over greyscalethanwould have beenpossibleusing
photography The illustrationsare bestviewed from ap-
proximately0.5 metresusinga strongincandescenulb
for lighting.

A setof Béziercurveswere choserto demonstrate
particulargeometrideatureq12]:

e a cubic curve with two nearvertical and one near
horizontalportions;

e aparabolawith asmallradiusof curvature;
e aparabolawith alargeradiusof curvature;
e acubicwith acusp;

¢ asmallloop obtainedby a slight perturbatiorof the
cusps controlpoints;

¢ acubicwith two in ection pointsalsoobtainedby a
slight perturbatiorof the cusp’s controlpoints;

e alargeloop.

Plate 1 shaws the curvesdrawn aliasedusing the point
containmentlgorithm. In Plates2—4 we usea circular
brushconvolvedwith avarietyof Iters to createstacksof
circularbrushesPlate2 shovsthesesencurvesrendered
asonepixel wide curvesusingthe Mitchell-Netravali |-

ter[24]. In Plate3 we demonstratehe renderingof the
low curvatureparabolausinga varietyof lters. Onbal-
ancetheMitchell-Netravali Iter provedthebestcompro-
misebetweersharpnesandsmoothneser lack of braid-
ing. The poor performanceof box Itering is obvious.
Plate4 illustratesthe ability of the techniqueto render

curveswith a variety of thicknessesindalsothe correct
handlingof atightloopwhichis progressiely lled in as
thecurve thicknessncreases.

6 DiscussionsConclusionsand Further Work

We have presented pre- Itering techniquédo rendercur-
veswith arbitrary thicknessusinga genericclassof |-
ters. In [11] we describehow stacksof brushescanbe
generatedo approximatehe convolvedbrushto ary re-
quiredaccurag. We payapricein termsof ef ciency. In
[7], Corthoutand Pol shav that the major disadwantage
of Point Containmenialgorithms— their quadratictime
compleity with increasingresolution— canbe counter
actedby applyingcoherenceletectiorof largeuniformly
colouredpartsof theoutputbitmap.Usingquadtreesind
the corvex hull propertiesof discreteBézier curvesthe
time compleity of the Point Containmentlgorithmcan
bereducedo quasi-linear

Caseawherethe curve hasmorethanoneintersec-
tionwith apixel, for examplewhereacurvecrosse#self,
needsfurther investigation. As presentlyimplemented,
we detectthe smallest(highest)brushintersectedthus
computinga maximumvalue over all the curve's points
within thepixel. Therearenoapparenproblemswith the
loopingcurvesin Plates? and4. Properly globalknowl-
edgeof the curve con guration shouldbe used,rather
than serial exploration. The problemis relatedto the
bulge elimination problem discussedy Bloomentalin
the context of generatingmplicit branchingsurfacesby
convolutionof skeletonq3] andthesolutionmaylie there
orin investigationof level curves[18, 23].

As presentlyimplementedpurtechniquecoversonly
the antialiasingof curvesas strokes and assumedblack
curvesdrawn over a white backgroundbermittingwrite-
only imagegeneration.Futureimplementationswill in-
clude antialiasingof region boundariesand the use of
read-modi y-write(lerping). More complex brushesuch
asorientablebrushesand brushesde ned by closedse-
guence®f Béziercurvesneedinvestigation.
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Plate 1: Aliased Test Curves Plate 2: Anti-aliased Test Cu
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Plate 3: Parabola rendered with a variety of filters.
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Plate 4: Varying curve width (in pixel units) for a cubic with a small loop near a cus



