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InstitutodeMateḿaticaeEstat́�stica,UniversidadedeSãoPaulo
CaixaPostal66281,05315-970,SãoPaulo– SP, Brazil

aef@ime.usp.br

�

Schoolof InformationSystems,Universityof EastAnglia
Norwich,NR4 7TJ,U.K.

forrest@sys.uea.ac.uk

Abstract. Thispaperpresentsanew pre-�ltering techniquefor antialiasingtwo-dimensionalcontinuous
curveswhichenablesthecorrecthandlingof thegeometry(self intersections,smallloops,cusps,curveswith
high andsmall radiusof curvature,etc.) usinga genericclassof �lters. Moreover, thetechniqueallow for
renderingcurvesof arbitrarythicknessandcanbeoptimally tunedto thebits usedfor imagequantisation.

1 Intr oduction

Aliasing artifactsarea consequenceof the errorsintro-
ducedby attemptingto representa continuousmodelon
a discretedevice. For instance,a scenecontainingsharp
changesin colour intensity can exhibit seriousdefects
when representedby discretesamplessuchas dots on
thescreen.Theerrorof this samplingprocesswasorigi-
nally calledaliasingin SignalProcessingTheoryandthis
terminologyhasbeenadoptedin the �eld of Computer
Graphics. SinceCrow [8] identi�ed the aliasingprob-
lem in ComputerGraphics,therehave beena consider-
ablenumberof publishedpaperson thesubject.Most of
themincludeantialiasingaspartof thegeneralprocessof
renderingusinganantialiasingtechniquedevelopedelse-
where.A smallnumberarededicatedto speci�cally de-
velopinganantialiasingtechnique.Amongthem,wedis-
tinguishtwo mainapproachesto thealiasingproblemin
ComputerGraphics:pre-andpost-�ltering methods[10].

In post-�ltering theidealimageis pointsampledata
higherratethancanbedisplayed,with multiple samples
perpixel,andthesamplesarethennumerically�ltered by
a discretedigital �lter . The advantagesof post-�ltering
lie largely in thesimplicity of theprocess.In someappli-
cations,suchasray tracing,super-samplingfollowedby
post-�ltering is the only reasonablesolutionto aliasing.
Thedisadvantagesarethegreatlyincreasedcostsof com-
putationandthefailureto eliminatealiasingcompletely.

If a precisegeometricdescriptionof the ideal im-
ageis available, say analytic or piecewise analytic de-
scriptions, then it is theoreticallypossibleto �lter the
ideal imageanalytically to remove high frequency spa-
tial componentsbeforesamplingandthento samplethe
bandwidthlimited ideal imageto producealias-freeim-
ages.For example,for simplegeometriessuchasstraight
lines, we can pre-�lter the geometryby a box �lter by

deriving expressionsfor pixel areacoverage:samplingis
then reducedto substitutionof pixel coordinatesin the
expressions.Theadvantagesof pre-�ltering arethatonce
theidealimagehasbeenanalyticallypre-�ltered,asingle
sampleper pixel suf�ces. The expectationis that if we
canproperlypre-�lter theideal image,thenwe will gen-
eratehigh quality displayedimages.Themaindisadvan-
tagesheretoforehavebeentherestrictedrangeof geome-
tries that can be pre-�ltered and the restrictedrangeof
�lters which couldbe employed. Pre-�ltering will how-
ever remaina techniquemoreappropriateto high qual-
ity two-dimensionalimagescontaininglines,regionsand
text ratherthanimagesof three-dimensionalscenes[12].

2 PreviousPre-Filtering Techniques

GuptaandSproull [17] developedanantialiasedversion
of theBresenhamline algorithmin which,at leastnotion-
ally, theidealline is convolvedwith acircularlysymmet-
ric �lter . In their implementationa lookup tableis con-
structedwhichcontainsthefractionsof thevolumeof the
conical�lter interceptedby theideal line, indexedby the
perpendiculardistanceof thepixel centerfrom thecentre
of the line. This table canbe generatedfrom a simply
derived analyticexpression.The circular symmetryen-
ablesa singleone-dimensionaltableto cover linesat all
possibleangles.Analytic expressionsfor line ends,how-
ever, are dif�cult to derive and Gupta-Sproullresortto
lessprecisetwo-dimensionaltables.Whilst circularsym-
metry leadsto a fast incrementalalgorithm,the conical
�lter doesnot give rise to a �at constantsignalfor con-
stantsamplevalues,thus exhibiting what Mitchell and
Netravali call sample-frequency ripple. Forrestgivesex-
amplesof this for various�lter radii in [15]. Pittewayand
Watkinson[25] describethe incorporationof areasam-
pling in theBresenhamline algorithm,but donot handle



line endsproperly.
Feibush, Levoy and Cook [13] describeantialias-

ing of polygonsin which polygonsare split into trian-
gles and the volume of the �lter , conical for example,
intersectedby eachtriangle is usedasa weight. In ef-
fect this amountsto a discreteapproximationto thecon-
volution integral appliedto polygonfragments.A two-
dimensionallookup table is usedto storetriangle-cone
intersectionsfor ef�ciency reasons.If thechosen�lter is
notcircularlysymmetric,thenthelookuptableis consid-
erably more complex, being four-dimensional. Abram,
Westover andWhitted [1] develop a morecomplex ap-
proachin which polygon-�lter convolution is classi�ed
into severaldifferentcases,eachof whichemploysadis-
creteapproximationto theconvolution integral.

No algorithmsappearto guaranteethat thenumeri-
calapproximationsexpressedasa lookuptablesaregood
enoughto avoid unwantedaliasingartifacts.For instance,
smallobjectsof ascenewhosedatafall betweenthequan-
tization stepsof the look up tableswill disappearcom-
pletely. In this sense,tablelook up methodsbehavesim-
ilarly to the post-�ltering methods. According to Duff
[9], exploring this fact, it is possibleto make imagesfor
whichmethodsusinglook uptablesfail miserably. Duffs
polygonscanconversionby exactconvolution[9] numer-
ically integratestheconvolution integral to antialiassim-
plepolygons.Filtersaremoregeneralthanin othermeth-
odsbut arelimited to bivariatepolynomialswhichcanbe
usedto approximatesincandother�lters.

McCool [22] describesa methodwherebyanimage
consistingof Gourad-shadedtrianglescanberepresented
by simplex splines;thesecanthenbe convolved with a
box spline�lter to form a setof prismsplinesrepresent-
ing the �ltered image. This permitsanalytic�ltering by
�lters which can be constructedfrom box spline basis
functions,a specialcasebeingtensorproductB-splines.
Any further �ltering for reconstructionis performedby
digital post-processing.

Aliasedscanconversionof curvesis still a topic for
further research:whilst thereexist ef�cient algorithms
for circlesandellipses(althoughlong thin ellipsesstill
needspecialcare),moregeneralparametric,explicit or
implicit curvesgenerallyrequirecarefulattentionto both
geometricand numericaldetail in order to provide ro-
bustandef�cient algorithms.In many casestheapproach
takenis to reducethecurveto apiecewiselinearapproxi-
mationwhichcanthenbeantialiased;avoidingany visual
evidenceof polygonisationrequirescare.

Lien, ShantzandPratt[21] developanadaptive for-
warddifferencemethodfor renderingcurvesandbrie�y
mentionasimpleadaptationto their algorithmwhichen-
ablesan admittedly rough approximationto areasam-
pling to bemade.In effect thecurve is approximatedby
shortstraightline segments.Klassen[20] remarkson the

geometricproblemsfound in renderingcurves,particu-
larly loops,cusps,andcrossings,andgoeson to develop
a morerobust approachthan[21]. A curve is split into
monotonicsections(with respectto thex or y axes)then
adaptive forwarddifferencingis usedto divide thecurve
into shortstraightline segmentswhich may thenbe an-
tialiasedby the GuptaSproull algorithm[17] or by any
other �lter which can be accessedfrom a lookup table
in a similar manner. The transitionsfrom x major to y-
major line segments(andvice versa)needspecialatten-
tion to avoid nicksin theoutput.Klassenpaysparticular
attentionto numericaldetail.

Field [14] describesa fast incrementalmethodfor
antialiasingcirclesandellipsesbasedonapredictor- cor-
rector methodto compute�lter values. The �lter em-
ployed is an approximationto areasampling. Pitteway
andBanissi[26] describeanintegeralgorithmfor render-
ing antialiasedellipseswhich employs anapproximation
to areasamplingsuf�cient for a two bit per pixel sys-
tem, this giving a marked improvementin the rendering
of fontscomposedof conicsegments.

Prior methodsareseento be restrictedin termsof
�lters, employing eitherbox or conical�lters which are
knownto bepoor. Curves,apartfrom circlesandellipses,
areapproximatedby line segments,andgeometricspecial
casesneedcarefultreatment.

3 DiscreteCurves

This sectionpresentsa simplemathematicalframework
whichenablesaprecisede�nition for thecolourintensity
function of the discreteimageof a continuouscurve to
bemade.This de�nition - presentedin thenext section-
playacrucialrole in thecharacterisationof ourantialias-
ing technique,a discretepre-�ltering technique.

(a) (b)

Figure1: (a)A 4- and(b) an8-connecteddiscretecurve.

Discretecurveswill becharacterisedin termsof se-
quenceof pointsin
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. Controlpointsof bothcontinuous
anddiscreteBéziercurvesarealsogivenin [6, 7, 10, 12]
assequencesof pointsin
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.
Let � beany integer-valueddistanceon
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. A
discretecurveis a �nite sequenceof pointsin
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whose



distancebetweenany two consecutivepointsis atmost � .
This de�nition is comparableto thatgivenby Rosenfeld
in [26]. This work in the �eld of ImageProcessinguses
thenotionof neighboursof a point to de�ne � -pathsand

�

-paths. In this paper, thede�nition is givenin termsof
an arbitrarydistanceon

�

� �

�

�

. Note that a discrete
curve is allowed to crossitself. Moreover, therearedif-
ferent typesof discretecurvesaccordingto the chosen
distance.Figure1 givesan exampleof discretecurves,
with thedistances��� and ��� de�ned respectively by
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In thenext section,discretecurveswill serve asthe
counterpartsof thecontinuouscurvesin -

�

. With thedis-
tance� � , the discretecurve is called4-connected.With

� � , it is called8-connected.

4 Antialiasing of Continuous Curves

Thissectionpresentsanew techniquefor antialiasingtwo-
dimensionalcontinuouscurves. Basically, the technique
point-samplesapre-�ltered colourintensityfunctionof a
continuouscurvewith anarbitrarywidth. Pre-�ltering is
carriedoutby usingagenericclassof �lters andthesam-
pling processis basedonthepointcontainmentdetection.

Figure2: Strokingwith acircularbrush.

Firstwede�ne thecolourintensityfunctionof acon-
tinuouscurve in -

�

. Linesandcurvesmaybegenerated
by continuoussweepof a brushalongthemathematical
centerof the line or curve (seeFigure2). Guibaset al.
[16] refersto this processasconvolving thecurvewith a
brush,but in this paperwe shall usethe termdilation to
denotetheeffect of brushingin orderto avoid confusion
with convolving a geometricobjectwith a �lter . Theno-
tion of dilation is usedin the PostScriptimagingmodel

which is basedon the notion of paintingwith a opaque
paint on a plane[2]. In PostScript,the paint is applied
by a penor brushof user-speci�ed width. Dilation will
alsobeusedlaterin thissectionto de�ne thediscreteim-
ageof a curve in

�

�

. For this reasonwe will consideran
arbitrarymoduleover a ring ./�

�

or .0�1- . Let 2

and 3 besub-setsof amodule4 overaring . . For each

Figure3: Discretecurvedilatedby adisk
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pixelwidecurve M is de�ned by
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As we have remarked earlier, the conventionalap-
proachto renderingwould be to scanconvert the con-
volved version of the curve but this is known to lead
to numericalandgeometricproblems[12]. Insteadwe
choseto usethepoint containmentalgorithmdeveloped
byCorthoutetal. to implementapre-�ltering antialiasing
algorithm.In [4], CorthoutandJonkersdescribeanalgo-
rithm for determiningthe containmentof a point within
a region boundedby discreteBéziercurves. This is ex-
tendedin [5] to encompassdiscreterationalBéziercurves
andin [6, 7] to supportdilation anderosionof discrete
Bézier curves and regions boundedby discreteBézier
curvesby brusheswhichmayberegionsboundedby dis-
creteBéziercurves. CorthoutandPol's thesis[7] con-
tains full detailsof the mathematicaltheory of discrete



Béziercurves,a versionof theJordancurve theoremfor
regions boundedby discretecurves, a formal develop-
mentof the point containmentalgorithmanda descrip-
tion of its implementationin dedicatedsilicon,thePharos
chip fabricatedby Philips. A discretecurve canbecom-
putedby subdivision of an integer grid of speci�ed res-
olution. Figure 3 shows a typical 8-connecteddiscrete
curve of width 1.25 pixels computedon a grid with 4
timespixel resolution.Weshow acircularbrushcentered
on eachpoint of thediscretecurve. Pixelswhosecenter
lie within thedilatedcurvearerendered.Theaccuracy of
thediscreteintersectiontestis a functionof thesub-pixel
resolutionchosenfor thediscretecurve.
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Figure4: Stackof nestedbrushes.

To giveadescriptionof thepre-�ltering process,we
�rst de�ne our �lter space.Any practical�lter in Com-
puterGraphicsis anevenfunctionhaving a �nite support
andunit integratedintensity[19]. Moreover, a �lter re-
strictedto its supportis continuous.Thena �lter � is a
function �7:K-
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Theconvolution 5

X betweenthecrosssectionof theideal
curve (the ? -box function)anda �lter � is thenapproxi-
matedin apiecewisemannerto createastackof brushes,

Figure5: Nestedregionsalongadiscretecurve.

as shown in Figure 4 for the box �lter convolved with
the � -box function. Let 0 be a connecteddiscretecurve
obtainedfrom M by somerasterizationscheme.Let P�1��2315464�4718� � 18� � 1 � �B?d^a` ( ��9 6

- ) beanuniform
partition of the interval O P �

�
�N?d^K` R and let :;9 be the0 -neighbourhoodobtainedby stroking 0 with the brush

of radius � 9 . The sequence: �

�<: �

�64�464S��: 2 is a nested
sequenceof 0 -neighbourhoods[10, 11]. Note that, al-
though� 9 arerealnumbers,theregions : 9 arecontained
in thediscreteplane
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. Thefamiliar truncation
androundingfunctionsareexamplesof sucha mapping.
Let D betheavailablenumberof grey levels. Thecolour
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This de�nition characterisesour antialiasingtechnique
for two-dimensionalcontinuouscurves.Figure5 showsa
discretecurvegeneratedat2 timesdeviceresolutionwith
theconvolvedbrushcentredat thepointsof thediscrete



curvegivingadiscreteantialiasedcurvewhichissampled
at thepixel centresto give thepixel values.

Details of the methodemployed for generationof
the brushstackby optimal discretepiecewise approxi-
mation of the intensity pro�le of the �ltered brushare
given in [10, 11]. On-demandgenerationof sectionsof
thebrushpro�le ratherthana pre-computedsetof brush
sliceswouldenablearoot �nding procedureto determine
thefractionto arbitraryprecisionby interval halving.

5 Results

Greyscaleillustrationswerecomputedat �
�

� sub-pixel
resolutionandviewedonanAppleMacintoshwith acolour
monitor using the “special gamma”setting. For repro-
duction, the imageswere saved as PostScript�les and
printedon a Hewlett-PackardLaserJet4 Plusprinter at
600dpi usingthe“calibratedcolourgreyscale”optionin
thestandardprint dialogue.Imagesviewedon thescreen
arerathersmootherasa consequenceof theblurring ef-
fect of thegaussian-typereconstructionof theCRT. Dif-
ferencesbetween�lters are lessnoticeablethan in the
printed versions. Laserprinting allowed us more con-
trol over greyscalethanwould have beenpossibleusing
photography. The illustrationsarebestviewed from ap-
proximately0.5metresusinga strongincandescentbulb
for lighting.

A setof Béziercurveswerechosento demonstrate
particulargeometricfeatures[12]:� a cubic curve with two near-vertical andonenear-

horizontalportions;� a parabolawith asmallradiusof curvature;� a parabolawith a largeradiusof curvature;� a cubicwith acusp;� a small loop obtainedby a slight perturbationof the
cusp'scontrolpoints;� acubicwith two in�ection pointsalsoobtainedby a
slightperturbationof thecusp'scontrolpoints;� a largeloop.

Plate1 shows the curvesdrawn aliasedusing the point
containmentalgorithm. In Plates2–4 we usea circular
brushconvolvedwith avarietyof �lters to createstacksof
circularbrushes.Plate2 showsthesevencurvesrendered
asonepixel widecurvesusingtheMitchell–Netravali �l-
ter [24]. In Plate3 we demonstratethe renderingof the
low curvatureparabolausinga varietyof �lters. On bal-
ancetheMitchell-Netravali �lter provedthebestcompro-
misebetweensharpnessandsmoothnessor lackof braid-
ing. The poor performanceof box �ltering is obvious.
Plate4 illustratesthe ability of the techniqueto render

curveswith a varietyof thicknessesandalsothecorrect
handlingof atight loopwhichis progressively �lled in as
thecurvethicknessincreases.

6 Discussions,Conclusionsand Further Work

Wehavepresentedapre-�ltering techniqueto rendercur-
veswith arbitrary thicknessusinga genericclassof �l-
ters. In [11] we describehow stacksof brushescanbe
generatedto approximatetheconvolvedbrushto any re-
quiredaccuracy. We payapricein termsof ef�ciency. In
[7], CorthoutandPol show that the major disadvantage
of Point Containmentalgorithms– their quadratictime
complexity with increasingresolution– canbe counter-
actedby applyingcoherencedetectionof largeuniformly
colouredpartsof theoutputbitmap.Usingquadtreesand
the convex hull propertiesof discreteBéziercurvesthe
time complexity of thePointContainmentalgorithmcan
bereducedto quasi-linear.

Caseswherethe curve hasmorethanoneintersec-
tionwith apixel, for examplewhereacurvecrossesitself,
needsfurther investigation. As presentlyimplemented,
we detectthe smallest(highest)brushintersected,thus
computinga maximumvalueover all the curve's points
within thepixel. Therearenoapparentproblemswith the
loopingcurvesin Plates2 and4. Properly, globalknowl-
edgeof the curve con�guration shouldbe used,rather
than serial exploration. The problemis relatedto the
bulge elimination problemdiscussedby Bloomentalin
thecontext of generatingimplicit branchingsurfacesby
convolutionof skeletons[3] andthesolutionmaylie there
or in investigationof level curves[18, 23].

Aspresentlyimplemented,ourtechniquecoversonly
the antialiasingof curvesasstrokesandassumesblack
curvesdrawn over a white backgroundpermittingwrite-
only imagegeneration.Futureimplementationswill in-
clude antialiasingof region boundariesand the useof
read-modi�y-write(lerping).Morecomplex brushessuch
asorientablebrushesandbrushesde�ned by closedse-
quencesof Béziercurvesneedinvestigation.
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                Plate 1: Aliased Test Curves                              Plate 2: Anti-aliased Test Curves
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                                  Mitchell-Netravali

Plate 3: Parabola rendered with a variety of filters.
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Plate 4: Varying curve width (in pixel units) for a cubic with a small loop near a cusp.


