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Abstract. ThePointContainmentpredicatewhichspeci�esif apointis partof amathematicallyde�ned
shapeor not is oneof themostbasicnotionsin rastergraphics.Thispaperpresentsatechniqueto counteract
the main disadvantageof Point Containmentalgorithms: their quadratictime complexity with increasing
resolution.Theimplementedalgorithmhandlescomplex geometriessuchasself-intersectingclosedcurves.

1 Intr oduction

The Point Containmentparadigmis a natural way to
perform rastergraphicsoperationssuch as �lling and
stroking. However, PointContainment-basedalgorithms
generallyhave beenjudge to be too slow [14]. In [9],
Forrestexpressedtheneedfor ane�cient androbustalgo-
rithm to decideif agivenpointis partof amathematically
de�ned shape.Suchanalgorithmwaslaterdevelopedby
Corthoutet al. [2, 3, 4, 5] andimplementedin dedicated
silicon, thePharoschip fabricatedby Philips,on support
of thePostScriptpagedescriptionlanguage.

Themostwidespreadapproachto �lling is scancon-
version but even for simple concave polygonsknown
scanconversionalgorithmsrequireacomputationallyex-
pensive presortingand marking phasebefore they can
computetheactualintervalsof pointscontainedin there-
gion. Thelatterphase– speciallyfor curvedboundaries–
requirescarefulattentionto bothgeometricandnumeric
detailin orderto providerobustalgorithms.Conventional
�lling of curvedregionsis basedon algorithmsfor scan
conversionof polygonswheretheendpointsof spansare
incrementallyupdatedand pixels in betweenare �lled.
At somestagetheintersectionformuladerivedin thecon-
tinuousplaneandusuallycomputedusingrealarithmetic
hasto be mappedto the discreteplane. This mapping
necessitatesan implicit or explicit epsilon-testthat may
causeincorretresults[17, 8, 2].

Brooks[1] quotingPoultonpointsout thatif current
hardwaretrendscontinue,thenumberof pixelsperprim-
itive renderedby hardware will approachunity, and in
suchcircumstanceswe might aswell computepixelsdi-
rectly from theunderlyinggeometryratherthan�rst ap-
proximatingthegeometryby polygonsor line segments.
The point containmentapproachis an exampleof this

strategy, generatingpixelsdirectly from curvesandthus
avoiding the dif�culties in curve renderingtackled by
Klassen[12] andLien et al. [13]. In Corthout–Polpoint
containmenttechnique[2, 3, 4, 5], the problemsof dis-
cretisationareacknowledgedandtackledby castingthe
problemto besolvedasa discreteintegerproblemfrom
theoutsetratherthanattemptingto accommodateall the
problemsof numericalaccuracy whichfollow from �oat-
ing point discretisation,geometricapproximation,or a
lessrigorousapproachto discretisationlater in the ren-
deringprocess.CorthoutandPol's thesiscontainsdetails
of theoverallintegerprecisionrequiredfor renderingona
chosendevice togetherwith proofsof robustnessandac-
curacy. Furthermore,themethodlendsitself to hardware
implementation:the Pharoschip implementsthe point
containmentalgorithmin full andcouldbeusedserially
or in a varietyof parallelcon�gurations. The algorithm
is fastonparallelhardwareusingPharoschips.

The major disadvantageof the Point Containment
approach,evenfrom thehardwareimplementationpoint
of view, is its quadraticbehaviour with respectto resolu-
tion. In [5], CorthoutandPol describea way to reduce
the time complexity of the Point Containmentapproach
to quasi–linear. Thispaperpresentsamethodwhosetime
complexity dependsnoton theresolutionbut only on the
perimeterof thepolygonboundary.

2 The mathematicalstructur e

In [5], Corthout and Pol stateand prove a version of
the Jordancurve theoremfor regions boundedby non-
simple discretecurveswhich is the basisof their point
containmenttechnique. To enunciatethis theorem,we
describethebasicmathematicalstructurebuilt onthedis-
creteplane

�

�

, whichwill alsobeusedto developthefast



pointcontainmentalgorithmpresentedin this paper.
Building onthediscreteplane,thenotionof list will

beusedto representtheverticesof a polygonaswell as
thecontrolpointsof a Béziercurve. A list of length � is
anelementof theset
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A list L is called 8 -connectediff the !5" distancebetween
any two consecutive pointsis at most 9 . Using the well
known metrics !�: and !#; [15, 5] we cande�ne respec-
tively < - and = -connectedlists. A region > in
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The point containmentalgorithm must detect, for

eachgiven query point and outline, whetherit is con-
tainedin theregion enclosedby theoutlineor not. This
detectionis basedon the conceptof winding number.
Thereare two ways to de�ne the winding number: the
analyticversionemploys a complex line integral andthe
geometricversioncountsthe numberof direct intersec-
tion with a ray.

For thegeometricversion,let EB@GF
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begivenand
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is aclosedlist
�

. With E asde�nedabove, H•I is
calledcross-weightfunction. Note that, differently than
the analyticversion,the geometricversionis moresuit-
ableto implementation.

With this linking betweenthegeometricandthean-
alytic versionof the winding number, CorthoutandPol
stateandprove the discreteversionof the Jordancurve
theoremfor non-simpleclosedcurves.

Theorem2.1(Corthout–Pol) Let ‘ beananglewith ir-
rational tangent. Given any closedlist
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weightfunctionH“’ dividestheplane
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Precisely, oneof theseregionsis in�nite , andthat region
containspointswith zero windingnumber. Furthermore,
whenfor anylist
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Thelastpartof this theoremstatesthatundercertaincon-
ditions,thepolygonalembeddingsof two lists musthave
a point in commom. The Corthout–PolPoint Contain-
menttechniqueis basedon this result.

3 Filling

In this section,we will describea speci�c rasterizing
functionbasedon thecrossweight H

’ to �ll theinterior
of polygonsanddiscreteBézierclosedcurves.
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Takingthe ‘ sizein�nitesimally smallminimizestheef-
fectof the ‘ translation[5].

As
•

distributesover concatenations,the �rst step
of its implementationis to sumover thepolygonalsides
of thelist argument.Thealgorithmfor this is:
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Here FŒ¢ is embeddedin £ for theevaluationof thecomplex line
integral.



winding_number(List L, Point P)

1. sum<-0;
2. For each position i of L (not including the

last element)
3. sum<-sum+Contribution(L[i]-P,L[i+1]-P);
4. return sum;

Thestep
���#�

computesthecontribution of eachline
segmentto thewinding number. The translationof each
elementin the list is to speedup the evaluationof the
Contribution procedurewhosegoal is to computeeach
term on the decompositionof

•
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. The elements
usedto computethe contribution of eachline segment
arerepresentedin theFigure1.

Figure1: Theelementsof thecontributionprocedure
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The Contribution procedureimplementsthesere-
markswhich evaluatesthecontribution of eachline seg-
mentto thewindingnumber:

Contribution(L0,L1)

1. Compute the values
minx = min(L0.x,L1.x)
maxx = max(L0.x,L1.x)
miny = min(L0.y,L1.y)
maxy = max(L0.y,L1.y)

2. If minx>0 or miny>=0 or maxy<0
return 0 ( According to remark (R1))

3. Compute s=signal(L0.y - L1.y)
4. If maxx<=0

return s ( According to remark (R2))
5. Compute the vector v

v.x = L0.y - L1.y
v.y = L1.x - L0.x

6. If v.x=0
return 0 ( According to remark (R3),

first condition)
7. If v.x<0

v.x = -norm.x
v.y = -norm.y

8. If InnerProduct(L0,v)>0 (Second condition
of the remark (R3))

return 0
9. return s

Bézier curves can be incorporatedon the caseof
polygonal lists, �rst converting the curve into a polyg-
onal list, andevaluatingthe rasterizingfunction on this
list. As oneof theessentialaspectsof thePointContain-
mentparadigmis theexclusiveuseof integerarithmetic,
bothBéziercurve andthe polygoninto which thecurve
is convertedmust be describedwith integers. But, nu-
mericalerrorsmayarisedueto this polygonalisation.To
avoid this, Corthoutand Pol [5] describethe notion of
discreteBéziercurvesin a discretemodelspacewhich is
of higherprecisionthandevicespace.Basedonthis,they
derive a recursive algorithmto computethecurve wind-
ing numberbasedon thecorrespondingcontrolpoints.

4 Coherencewith Point Containment

As we have remarked earlier, for eachpoint in the im-
ageits winding numberwith respectto thegivenoutline
needsto beexecuted.Thus,if we have animageof res-
olution � , thetime complexity is �

�

�

�

�•�
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, where ���
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is the costof the interior/exterior test, that is, the Point
Containmenthasquadraticbehaviour with respectto res-
olution.

There is a way to reducethe time complexity of
thePointContainmentto almostlinearbehaviour usinga
techniquecalledcoherencetesting. Let

�

aclosedlist and
•

arasterizingfunctionbegiven.A region > is calledco-
herentwith respectto the�lled outline

�

if f > is asubset
of asingleclassof theequivalencerelationon

�
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induced
by

•

.
Note that if in the coherencetesting a region is

found,it is only necessaryto evaluatethewinding num-
berfor just oneelementinsidetheregion.



Theproblemis: how to �nd theseregions?Corthout
andPol[5] describeageneralmethodto detectcoherence
with �lling:

Theorem4.1(Corthout–Pol) Let
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denotestheusualMinkowskiaddition(e.g.
see[10], [16]). This theoremstatesthatthecoherenceof
thetile ”
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� is impliedwhenasinglePointContainment
testwith a strokedoutline returnsnegative. In Figure2,
regions indexed by ”

N

and ”

� are �lling–coherent, but
theregion ”

� is not. Notethatthe � assertionis not true.
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Figure2: Coherencetestsfor �lling

For this, take thetail
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4.1 Time complexity with coherence

Following theabovemethods,wecanderiveanalgorithm
for �lling curveswith coherence.

When an imageis to be generated,�rst we detect
whetherthe entire image is coherent,and if so, what
colour it has. If not, the imageis subdivided into four
quadrants,and applied the describedprocedurerecur-
sively to eachof the four quadrants.Note that this pro-
cedurealways�nishes, becausea point is coherent.The
stoppingpointsof this algorithmarecoherentregions.

The recursive structureof this algorithm createsa
quadtree. HunterandSteiglitz[11] show thatthenumber
of nodesin thequadtreeis of order �

��� m

�
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, where
�

is
theperimeterof thecontour, and � is themaximumsub-
divisonlevel. As thenumberof PointContainmenttests
neededto build the treedependslinearly on thenumber
of nodes,thenumberof testsis alsoof order �

���fm

�
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,
thatis, if coherenceis used,thealgorithmhasalmostlin-
eartimecomplexity.

5 The newapproachto �lling coherence

Notethattheapproachof quadtreesto detectcoherentre-
gions is not optimal, becauseit �nds squaredcoherent
regionsthatcanbefrequentlyembeddedinto greaterre-
gions. For example,in Figure3 the white leavescould
be embeddedinto a

…

$

…

squareasthey have thesame
windingnumber.

Figure3: Decompositionto �nd coherence

Our approachis to detectanelementof eachcoher-
entregionsandpropagateits colourto thewholeregion.
The algorithm usestwo auxiliar procedures:Detection
andPropagation.

TheDetectionproceduretriesto �nd apointof inte-
rior of

�

:

Boolean Detection(Point P,List L, Point Q)

1. If( P has a neighbour V belonging
to the interior of L, with
diferent from INTERIOR_COLOUR)

2. Q <- V
3. return TRUE
4. else return FALSE

Givenapoint
Ÿ

belongingto interiorof
�

, theProp-
agationprocedureassignsthe INTERIOR COLOUR to
all pointson thecoherentregion thatcontains

Ÿ

:

Propagation(Point Q)

1. Queue <- EMPTY;
2. enqueue(Q,Queue);
3. Colour(Q)<- INTERIOR_COLOUR;
3. While(Queue is not EMPTY)
4. P <- dequeue(Queue);
5. For all neighbour T of P that

has not colour INTERIOR_COLOUR
6. Colour(T)<-INTERIOR_COLOUR
7. enqueue(T,Queue);

Finally, theFilling with coherenceprocedure�lls
�

by calling theDetectionprocedureto �nd a coherentre-
gion and,if sucha region exists, it �lls the region using
thePropagationprocedure:



Filling_with_coherence(List L)

1. For each point P in the image
Colour(P) <- EXTERIOR_COLOUR

2. Embedd the points of L on the image, setting
their colours to INTERIOR_COLOUR

3. For each point P in L
4. If Detection(P,L,Q) is TRUE
5. Propagation(P,L,Q)

The following resultsanalysesthestepsof thepro-
posedalgorithm. Firstly, we introducesomenotation.
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To introducethenext lemmawe needthefollowing
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Lemma 5.2 If a point
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is detectedby the Detection
procedure, then the Propagation procedure assignsIN-
TERIORCOLOURto all points ” @�H , where H is a
maximalconnectedcoherentregion that contais
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Proof: Supposethat the Detectionprocedurefound a
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. Observe that H is maximal connected
coherent.Now let us prove that the Propagationproce-
durecoversexactly all points inside H . As H is con-
nected,thereexists a

�

�

–pathlinking
Ÿ

to ” for all ”

in H . Thus, ” is enqueuedjust once. From this, we
concludethat the procedurecovers H . The region H

is limited by a closedsublist
�

�

of
�

and
�

�

O

H is
? -connected. Observe that all points ” @

�

�

satisfy
Colour(” )=INTERIOR COLOUR. Thus, they are not
enqueuedand the Propagationprocedurecan not reach
theexteriorof H .

The following theoremshows that our algorithm
�nds the maximalconnectedcoherentregionsof the in-
teriorof

�

.

Theorem5.1 The Filling with coherence algorithm
�nds the maximalconnectedcoherent regionsof the in-
terior of

�

, where
�

is a closedlist.

Proof: If ]

���

���-�g� W

, thereareno interior points and
theDetectionprocedurealwaysreturnsFALSE.Thus,the
Propagationprocedureis nevercalled.

If ]

���

�'�-�M[ �AW

, then
�

H

�

(

H

�

(���� �|(

H

�

�

]

���

�'�-�

,
suchthat ]

���

�'���l���

�

v�wbv

H

v and H

v

[� W

. Usingtheorem
…

�

9 we have H

v

V

H

x

� W

, 	

]

[���

. Supposethat there
exists H

v notdetectedby thealgorithm.Observethatthe
only way to detecta point of H

v is by usingthe sublist
�

�

thatboundsH

v . Therefore,Detection(”
(+�

�

( Ÿ

) is al-
waysFALSE.Accordingto theLemma�

�

9 , sucharegion
doesnot exist.Applying lemma �

�

…

for each
Ÿ

v returned
by Detection(”

(+�ž( Ÿ

v ), theresultholds.

The Corthout–PolPoint Containmenttest is only
performedin theDetectionprocedure.This testis called,
at most ? timesfor eachquerypoint, ? @

�

<

(

=

(

8

�

.
Thus,theDetectionprocedurehastime complexity

�

�

9

�•�

�
�

�

, where �
�

�

is the cost of Point Containment
test.

Finally, for eachpoint in the list, theDetectiontest
is calledjust once.Thus,thetotal numberof calls to the
PointContainmenttestis �

��� �

, where
�

is theperimeter
�

of thelist.

5.1 Comparisonof theoretical results

Threeapproachesto performthe�lling taskweregiven:
the initial quadraticversion,thequasi-linearversionand
our resolution-independentversion.

Observethatany rasterizationprocesshastwo com-
monsteps:

¢ Perimeterof thediscretecurve representedby thelist.



L Testing: thepointsin theimagearetestedto decide
if they areinterioror not.

L Propagation: Accordingto theinterior/exteriorpo-
sition, the colour of pointsarechanged.Note that,
for any rasterizationprocess,this stephasquadratic
behaviour with respectto resolution.

The Table 1 summarizethe theoreticalcomplexities of
theseapproaches,accordingto theprecedingstepclassi-
�cation.

Approach Testingstep Propagationstep
Initial �

�

�

�

�•�

� �

�

�

�

�

�

�

Quadtrees �

�

�

m � ���

���

�

�

�

�

�

�

New �

��� ���

� �

�

�

�

�

�

�

Table1: Resultssummary

In the testingstep, the new algorithm reducesthe
theoreticalcomplexity. We observe that the the testing
stepis highly moreexpensivethanthepropagationstep.

6 Results

Imageswere generatedon a Macintosh Quadra605,
with monitor resolution256x256andno arithmeticco-
processor, saved as PostScript�les and printed on a
Hewlett–PackardLaserJet4 Plusprinterat =

�K�

dpi.
In thePlate 9 , we havea polygonalself-intersecting

list. It shows the ability of the new methodto captures
details,suchasthesmall interior regions.

Plate
…

exploresanexampleof acurvecomposedby
9

�K�

cubicBéziersegmentsand 9 line segment.Notethat
thereis avarietyof thicknessesof theinteriorregion. and
thesmallexterior region is alsopreserved.

Table2 comparestheef�ciency (in seconds)of the
examples.

Plate Initial Quadtrees New Method
1 105 29 15
2 605 40 10

Table2: Computationaltimeon theplates

7 Conclusionsand further work

In this paperwe have presentedan ef�cient way to per-
form the �lling operationfor non-simpleclosedcurves
usingthe Corthout–PolPoint Containmenttestwith co-
herence.The coherenceapproachenablesthe develop-
mentof a simplealgorithm,whosemain characteristics

are: resolution-independentcomplexity, simple struc-
turesandsuitableto hardwareimplementation.

The researchdonein this papercanbe further ex-
tendedin boththeoreticalandpracticaldirections.

Current work is going to investigatethe optimal-
ity of our methodandto performotherrasteroperations
suchas stroking. By doing this we would be provid-
ing a framework to supportthe ef�cient productionof
antialiasedtwo-dimensionalimagesusingPointContain-
mentbasedtechniques[6, 7].
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Plate 1: Polygonal curve

Plate2: Cubic Bézier segments


