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Abstract. ThePointContainmenpredicatevhichspeci esif apointis partof amathematicallyle ned
shapeor notis oneof the mostbasicnotionsin rastergraphics.This paperpresentatechniqueo counteract
the main disadwantageof Point Containmentlgorithms: their quadratictime compleity with increasing
resolution. Theimplementedalgorithmhandlescomplex geometriesuchasself-intersectinglosedcurves.

1 Intr oduction

The Point Containmentparadigmis a natural way to
perform raster graphicsoperationssuch as lling and
stroking. However, Point Containment-basealgorithms
generallyhave beenjudgeto be too slow [14]. In [9],
Forrestexpressedheneedfor ane cient androbustalgo-
rithm to decideif agivenpointis partof amathematically
de ned shape Suchanalgorithmwaslaterdevelopedby
Corthoutetal. [2, 3, 4, 5] andimplementedn dedicated
silicon, the Pharoschip fabricatedoy Philips,on support
of the PostScrippagedescriptionanguage.

Themostwidespreadpproacho lling isscancon-
version but even for simple concae polygonsknown
scancorversionalgorithmsrequirea computationallyex-
pensve presortingand marking phasebeforethey can
computetheactualintervalsof pointscontainedn there-
gion. Thelatterphase-speciallyfor curvedboundaries-
requirescarefulattentionto both geometricandnumeric
detailin orderto providerobustalgorithms.Corventional
ling of curvedregionsis basedon algorithmsfor scan
conversionof polygonswheretheendpointsof spansare
incrementallyupdatedand pixels in betweenare lled.
At somestagetheintersectiorformuladerivedin thecon-
tinuousplaneandusuallycomputedusingrealarithmetic
hasto be mappedto the discreteplane. This mapping
necessitatean implicit or explicit epsilon-testhat may
causencorretresults[17, 8, 2].

Brooks[1] quotingPoultonpointsoutthatif current
hardwaretrendscontinue the numberof pixelsperprim-
itive renderedby hardware will approachunity, andin
suchcircumstancesve might aswell computepixels di-
rectly from the underlyinggeometryratherthan rst ap-
proximatingthe geometryby polygonsor line sggments.
The point containmentapproachis an example of this

stratgy, generatingixels directly from curvesandthus
avoiding the dif culties in curve renderingtackled by
Klassen12] andLien etal. [13]. In Corthout—Pobpoint
containmentechnique[2, 3, 4, 5], the problemsof dis-
cretisationare acknavledgedandtackledby castingthe
problemto be solved asa discreteinteger problemfrom
the outsetratherthanattemptingto accommodatall the
problemsof numericalaccurag whichfollow from oat-

ing point discretisation,geometricapproximation,or a
lessrigorousapproachto discretisatiorlater in the ren-
deringprocessCorthoutandPol's thesiscontainsdetails
of theoverallintegerprecisiorrequiredfor renderingona
choserdevice togethemwith proofsof robustnessandac-
curag/. Furthermorethe methodlendsitself to hardware
implementation:the Pharoschip implementsthe point
containmenglgorithmin full andcould be usedserially
or in a variety of parallelcon gurations. The algorithm
is faston parallelhardwareusingPharoschips.

The major disadwantageof the Point Containment
approachgvenfrom the hardwareimplementatiorpoint
of view, is its quadraticbehaiour with respecto resolu-
tion. In [5], Corthoutand Pol describea way to reduce
the time compleity of the Point Containmentpproach
to quasi-linearThis papemresenta methodwhosetime
compleity dependsotontheresolutionbut only onthe
perimeterof the polygonboundary

2 The mathematical structur e

In [5], Corthoutand Pol stateand prove a version of
the Jordancurve theoremfor regions boundedby non-
simple discretecurveswhich is the basisof their point
containmentechnique. To enunciatethis theorem,we
describehebasicmathematicastructurebuilt onthedis-
creteplane , whichwill alsobeusedto developthefast



pointcontainmenglgorithmpresentedn this paper

Building onthediscreteplane thenotionof list will
be usedto representhe verticesof a polygonaswell as
the control pointsof aBéziercurwve. A list of length is
anelemenbf theset

A list is calledaclosedlist, or alternatvely a polygon,
iff . Thesetof all listswill bedenotecdby
andthesetof closedlistsby . Let bethemetricon

de ned by

A list L is called -connectedff the distancebetween
any two consecutie pointsis at most . Usingthe well
known metrics and [15, 5] we cande ne respec-
tively - and -connectedists. A region in is -

connecteq )iff forall , thereexists
a -connectedist embeddedn suchthat
and

The point containmentalgorithm must detect, for
eachgiven query point and outline, whetherit is con-
tainedin the region encloseddy the outline or not. This
detectionis basedon the conceptof winding number
Therearetwo waysto de ne the winding number: the
analyticversionemplogys a comple line integral andthe
geometricversioncountsthe numberof directintersec-
tion with aray.

For the geometricversion,let
considertthefunction

be givenand
de ned by:

where denoteghe -coordinate
of thecrossproductbetweerthevectors and

(embeddingn is implicit), is the
usualembeddingn  thatrepresentsheline sey-
ment and

for or by:

Taking asapair or , Where
and , CorthoutandPol shav that
for all . Underthisrestrictionon they provethat

and

where isaclosedist . With asde nedabove, is
calledcross-weighfunction Note that, differently than
the analyticversion,the geometricversionis more sulit-
ableto implementation.

With this linking betweerthe geometricandthe an-
alytic versionof the winding number Corthoutand Pol
stateand prove the discreteversionof the Jordancurve
theoremfor non-simpleclosedcurves.

Theorem 2.1 (Corthout—Pol) Let beananglewith ir-
rational tangent. Given any closedlist , the cross
weightfunction  dividestheplane intoa nite num-
ber of regionswith points  of equalwindingnumbes

Precisely oneof theseregionsis in nite, andthat region
containspointswith zeio windingnumber Furthermoe,
whenfor anylist  oflength wehave

wemusthave

Thelastpartof thistheoremstateghatundercertaincon-
ditions,the polygonalembedding®f two lists musthave
a point in commom. The Corthout—PolPoint Contain-
menttechniquds basedn this result.

3 Filling

In this section,we will describea speci c rasterizing

functionbasedn thecrossweight  to Il theinterior

of polygonsanddiscreteBézierclosedcurves.
Considetthefunctions

andlet therasterizingfunction bede ned by

Takingthe sizein nitesimally small minimizesthe ef-
fectof the translation5]. .

_As distributesover concatenationghe rst step
of its implementatioris to sumover the polygonalsides
of thelist agument.Thealgorithmfor thisis:

Here is embeddedn

integral.

for the evaluationof the comple line



winding_number(List L, Point P)

1. sum<-0;

2. For each position i of L (not including the
last element)

3. sum<-sum+Contribution(L[i]-P,L[i+1]-P);

4. return  sum;
Thestep  computeghe contrikbution of eachline

segmentto the winding number The translationof each
elementin the list is to speedup the evaluationof the
Contrikution procedurewhosegoal is to computeeach
term on the decompositionof The elements
usedto computethe contritution of eachline sggment
arerepresenteth theFigurel.

(-

I~

L
1

Figurel: The elementf thecontribution procedure

To computethe valueof eachtermon thedecompo-

sition of we usethefollowing remarkg5]:
(R1) If
then
(R2) If
then
(R3) Let and
. Let betheline

throughtheline sggment .

If isparalleltothe -axis,then
If isnotparalleltothe -axis,then

. Let bethevectorperpendiculato , such

that . Let
, thus is describedy

We have:

The Contrikution procedureimplementsthesere-
markswhich evaluateghe contribution of eachline sey-
mentto thewinding number:

Contribution(LO,L1)

the values
min(L0.x,L1.x)
max(L0.x,L1.x)
min(LO.y,L1.y)
maxy = max(L0.y,L1.y)
minx>0 or miny>=0 or maxy<0
return 0 ( According to
3. Compute s=signal(LO.y - Lly)
4. If maxx<=0

return s ( According to
5. Compute the vector v
vx = L0y - Lly
vy = L1x - LOXx
v.x=0
return 0

1. Compute
minx =
maxx =
miny =

2. If

remark (R1))

remark (R2))

6. If
( According to remark (R3),
first condition)

7. If v.x<0

V.X = -norm.x
vy = -norm.y

8. If InnerProduct(LO,v)>0 (Second condition

of the remark (R3))
return 0
9. return s

Bézier curves can be incorporatedon the caseof
polygonallists, rst corverting the curve into a polyg-
onal list, and evaluatingthe rasterizingfunction on this
list. As oneof theessentiabspect®f the PointContain-
mentparadigmis the exclusive useof integerarithmetic,
both Bézier curve andthe polygoninto which the curve
is corvertedmustbe describedwith integers. But, nu-
mericalerrorsmay arisedueto this polygonalisation.To
avoid this, Corthoutand Pol [5] describethe notion of
discreteBéziercurvesin adiscretemodelspacenhichis
of higherprecisionthandevice space Basedonthis, they
derive arecursve algorithmto computethe curve wind-
ing numberasedn the correspondingontrolpoints.

4 Coherencewith Point Containment

As we have remarled earlier for eachpointin the im-
ageits winding numberwith respecto the givenoutline
needgo be executed.Thus,if we have animageof res-
olution , thetime compleity is , Where

is the costof the interior/exterior test, thatis, the Point
Containmenhasquadratidoehaiour with respecto res-
olution.

Thereis a way to reducethe time compleity of
thePointContainmento almostlinearbehaiour usinga
techniguecalledcoheenceesting Let aclosedist and

arasterizingunctionbegiven.A region iscalledco-
herentwith respecto the lled outline iff isasubset
of asingleclassof theequialencerelationon  induced
by .
Note that if in the coherencetesting a region is
found, it is only necessaryo evaluatethe winding num-
berfor justoneelementnsidetheregion.



Theproblemis: how to nd theseregions?Corthout
andPol[5] describeageneramethocto detectcoherence
with lling:

Theorem4.1(Corthout—Pol) Let

. If isaclosed, -
isa -connectedegion,then
is coheentwith respecto

connectedist, and

Thesymbol denotesheusualMinkowskiaddition(e.qg.
seg[10], [16]). Thistheoremstateghatthe coherencef
thetile isimpliedwhenasinglePointContainment
testwith a stroked outline returnsnegative. In Figure2,

regionsindexedby and  are lling—coherent, but
theregion isnot. Notethatthe assertions nottrue.
Interior of L
:
L—e

List L

Figure2: Coherencéestsfor lling

For this, take the tail
containsno points,ary region
neednot beempty

: sincea lled tail
is coherentwhile

4.1 Time complexity with coherence

Following theabose methodswe canderive analgorithm
for lling curveswith coherence.

Whenanimageis to be generated,rst we detect
whetherthe entire image is coherent,and if so, what
colourit has. If not, theimageis subdvided into four
quadrants,and applied the describedprocedurerecur
sively to eachof the four quadrants.Note that this pro-
cedurealways nishes, because pointis coherent.The
stoppingpointsof this algorithmarecoherentegions.

The recursve structureof this algorithm createsa
guadtee HunterandSteiglitz[11] shav thatthenumber
of nodesn the quadtreds of order , Where is
the perimeterof the contour and  is the maximumsub-
divisonlevel. As the numberof Point Containmentests
neededo build the treedependdinearly on the number
of nodes the numberof testsis alsoof order ,
thatis, if coherencés used thealgorithmhasalmostlin-
eartime compleity.

5 The newapproachto lling coherence

Notethattheapproactof quadtree$o detectcoherente-

gionsis not optimal, becausét nds squaredcoherent
regionsthat canbe frequentlyembeddednto greatere-

gions. For example,in Figure 3 the white leaves could

be embeddednto a squareasthey have the same
winding number

Figure3: Decompositiorto nd coherence

Our approactis to detectanelementof eachcoher
entregionsandpropagatsts colourto the wholeregion.
The algorithm usestwo auxiliar procedures:Detection
andPropagation

TheDetectionprocedurdriesto nd apointof inte-
rior of

Boolean Detection(Point P,List L, Point Q)
1. If( P has a neighbour V belonging
to the interior of L, with
diferent from INTERIOR_COLOUR)
2. Q< V
3. return  TRUE
4. else return FALSE
Givenapoint belongingtointeriorof ,theProp-

agationprocedureassignghe INTERIOR_.COLOUR to
all pointsonthecoherentegionthatcontains :

Propagation(Point Q)
Queue <- EMPTY;
enqueue(Q,Queue);
Colour(Q)<- INTERIOR_COLOUR,;
While(Queue is not EMPTY)

P <- dequeue(Queue);

For all neighbour T of P that
has not colour INTERIOR_COLOUR
Colour(T)<-INTERIOR_COLOUR

enqueue(T,Queue);

agpOwODE

N o

Finally, theFilling with_coherencgrocedurells
by calling the Detectionprocedurego nd acoherente-
gion and,if sucharegion exists, it lls theregion using
the Propagatiorprocedure



Filling_with_coherence(List L)

1. For each point P in the image
Colour(P) <- EXTERIOR_COLOUR
2. Embedd the points of L on the image,
their  colours to INTERIOR_COLOUR
For each point P in L
If Detection(P,L,Q)
Propagation(P,L,Q)

setting

is TRUE

S

The following resultsanalyseghe stepsof the pro-
posedalgorithm. Firstly, we introduce some notation.
Theinterior of aclosedlist will bedenotechy
Let bea -connectedaegion. Theboundaryof
be denotedby ,
where is the metric associatedo A path (or a

—path) betweentwo points and ( the pathends)
is a sequence , Where
for all . The points

are calledinternals. Note that, if isa
-connectedegion thenalwaysthereexistsa pathlink-

will

ing and forall
Lemmab5.1 Let beaclosedist and . Then
there existsa pathwith endpoints and ( ),

whoseéinternal pointsare containedn

Proof: If , thentheresultholds. If
, accordingto the Theorem ,
(the cardinality of theset ) nite and is -

connectedfor ary is limited by a
closedsublist of , andmore, exists

suchthat . It is clearthat is

-connected.Thus,thereexistsa  -path

linking  to ary point f , thereareno
internal verticesand then the lemmaholds. If ,
considerthe set . It is clear
thatit canbe choosera subset of ,
suchthat , and

consequentlyhereexistsa point ,
Thus,the pathof thelemmais

To introducethe next lemmawe needthefollowmg
de nition:

De nition 5.1 Let bealimitedregionof and be

a closedlist. is called maximalconnectedoheentif
is -connected, for all
andif satis es:
-connected
, , such that
then

Lemmab.2 If a point is detectedby the Detection
procedue, thenthe Propagation procedue assignsIN-
TERIORCOLOURto all points ,whee isa
maximalconnectedoheentregion that contais

Proof: Supposethat the Detection procedurefound a
point According to the theorem
, is nite and is -connectedfor ary
. Obsere that is maximal connected
coherent.Now let us prove that the Propagatiomproce-
durecoversexactly all pointsinside . As  is con-
nected thereexistsa —pathlinking to for all
in . Thus, is enqueuedustonce. From this, we
concludethat the procedurecovers . The region
is limited by a closedsublist of and is
-connected. Obsene that all points satisfy
Colour( )=INTERIOR.COLOUR. Thus, they are not
enqueuecdand the Propagatiorprocedurecan not reach
the exterior of

The following theoremshaws that our algorithm
nds the maximalconnectedcoherentregionsof thein-
terior of

Theorem5.1 The Filling with_coheence algorithm
nds the maximalconnectedcoheent regionsof the in-
terior of ,where isaclosediist.

Proof: If , thereare no interior points and
theDetectionproceduralwaysreturnsFALSE. Thus,the
Propagatiorproceduras never called.

If , then ,
suchthat and . Usingtheorem
we have , . Supposdhatthere
exists  notdetectedy thealgorithm.Obsenrethatthe

only way to detecta point of is by usingthe sublist

thatbounds . Therefore Detection( )isal-
waysFALSE. AccordingtotheLemma , sucharegion
doesnot exist.Applyinglemma  for each  returned
by Detection( ), theresultholds.

The Corthout—PolPoint Containmenttestis only
performedn the DetectionprocedureThis testis called,
atmost timesfor eachquerypoint,

Thus,the Detectionprocedurehastime compleaty

, Where is the cost of Point Containment
test.

Finally, for eachpointin thelist, the Detectiontest
is calledjust once. Thus,the total numberof callsto the
PointContainmentestis , Where istheperimeter
of thelist.

5.1 Comparison of theoretical results

Threeapproacheso performthe lling taskweregiven:
theinitial quadraticversion,the quasi-lineawversionand
ourresolution-independenersion.

Obsenethatary rasterizatiorprocessastwo com-
monsteps:

Perimetemf thediscretecurve representedly thelist.



Testing: thepointsin theimagearetestedo decide
if they areinterior or not.

Propagation: Accordingto theinterior/exterior po-
sition, the colour of pointsare changed.Note that,
for any rasterizatiorprocessthis stephasquadratic
behaiour with respecto resolution.

The Table 1 summarizethe theoreticalcomplexities of
theseapproachesaccordingto the precedingstepclassi-
cation.

Approach Propagatiorstep
Initial
Quadtrees
New

Testingstep

Tablel: Resultssummary

In the testing step, the new algorithm reducesthe
theoreticalcompleity. We obsene that the the testing
stepis highly moreexpensve thanthe propagatiorstep.

6 Results

Imageswere generatedon a Macintosh Quadra 605,
with monitor resolution256x256and no arithmeticco-
processqr saved as PostScript les and printed on a
Hewlett—PackardLaserJe#t Plusprinterat dpi.

In thePlate , we have a polygonalself-intersecting
list. It shaws the ability of the new methodto captures
details,suchasthe smallinterior regions.

Plate exploresanexampleof acurvecomposedy

cubicBéziersegmentsand line sgment.Notethat
thereis avarietyof thicknessesf theinteriorregion. and
thesmallexterior regionis alsopresered.

Table2 compareghe ef ciency (in secondspf the
examples.

Plate | Initial | Quadtree§ New Method
1 105 29 15
2 605 40 10

Table2: Computationatime ontheplates

7 Conclusionsand further work

In this paperwe have presentedan ef cient way to per
form the lling operationfor non-simpleclosedcurves
usingthe Corthout—PolPoint Containmentestwith co-
herence. The coherenceapproachenableshe develop-
mentof a simple algorithm, whosemain characteristics

are: resolution-independentomplexity, simple struc-
turesandsuitableto hardwareimplementation.

The researchdonein this papercan be further ex-
tendedn boththeoreticalandpracticaldirections.

Currentwork is going to investigatethe optimal-
ity of our methodandto performotherrasteroperations
suchas stroking. By doing this we would be provid-
ing a framework to supportthe efcient productionof
antialiasedwo-dimensionaimagesusingPointContain-
mentbasedechniqueg6, 7].
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